INTRODUCTION w x In previous papers 9᎐11 , we determined the cuspidal class number of Ž m . the modular curve X p for a prime number p / 2. As a continuation, 1 in this paper we determine the cuspidal class number of the modular curve Ž . X M for a square-free M. 0 As is well known, the cuspidal divisor class groups of the modular curves w x Ž . are finite 5, 1 . As far as we know, the full cuspidal class numbers are determined in the following cases of modular curves. Let p be a prime Ž . number / 2, 3. The cuspidal class number of the modular curve X p 0 w x was determined by Ogg 8 . The cuspidal class number of the modular Ž n . w x curve X p was determined by Kubert and Lang 3, 4 . The cuspidal class Ž m . Ž m . numbers of the modular curves X p and X 3 were determined by 1 1 w x Ž w x w x w x Takagi 9᎐11 . Klimek 2 , Kubert and Lang 3, 4 , and Yu 13 determined the order of a certain subgroup of the cuspidal divisor class group of the Ž . . modular curve X N . 1 The contents of this paper are the following. In Section 1, we define generalized Siegel functions and study their properties. In Section 2, we construct two kinds of functions: f Ž p. and h . The function f Ž p. is defined by generalized Siegel functions, and the function h is defined by the Ž Ž p. . 12 p
M
Dedekind eta function. The powers f and h are modular units. w x The function h was already used by Newman 6, 7 . In this section, we identify the cuspidal divisor group D D with a group ring R of a finite abelian group, and define an element of R m Q. We can express the divisors of the foregoing units by using this element and the product of the group ring. In Section 3, we prove that all modular units on the Ž . modular curve X M can be written as products of the functions h and 0 rational numbers. In Section 4, we determine a necessary and sufficient condition under which a product of the functions h is a modular unit on Ž . the curve X M . Here, we use the properties of the generalized Siegel 0 functions. Newman used the property of Dedekind sums and obtained a sufficient condition. In Section 5, we calculate the cuspidal class number. Our main theorem is Theorem 5.1. In the calculation, we use the ring structure of R. The image of the divisors of the modular units is an ideal of the ring R and is an analogue of the Stickelberger ideal in the theory of cyclotomic fields. In Section 6, we determine the p-Sylow group of the cuspidal divisor class group for p / 2, 3, and, under certain conditions on M, the 3-Sylow group.
In this paper, we denote by Z, Q, and C the ring of rational integers, the field of rational numbers, and the field of complex numbers, respectively.
TRANSFORMATION FORMULAS FOR
SIEGEL FUNCTIONS w 1. We assume that the reader is familiar with the contents of 9, x Ž . Sect. 1 . Let M be a square-free integer / 1 fixed throughout this paper. w x Let T be the group consisting of all positive divisors of M as in 9, Sect. 1 .
Ž . 2 The product in the group T is given by r ( s s rsr r, s for r and s in T. Ž . normal and its Galois group is isomorphic to the group G G " . Here Ž . denoted by t ␣ . We denote by ␣ the element of the Galois group Ž . Gal ᑠ rᑠ corresponding to ␣.
2. We recall some properties of Siegel functions. For any element Ž . 2 2 Ž . Ž . w x a s a , a of Q y Z , the Siegel function g g ᑢ is defined in 4 . 
if c is odd. 
Ž .
wŽ .x Proof. This can be proved similarly to 9, 2.5 .
Q.E.D.
'
Put L s n m . 
Ž .
Proof. The triviality of follows from 1.5 . Let u be an element of r Ž .
Ž . the form 1.6 . Let ␣ be an element of ⌫ I of the form
wŽ . x Then we have ␣ s exp 2 ir2 with g Q, which satisfies 
n m, r nm , r * n Ž . Ž . 
of X by a finite abelian group isomorphic to T . Our objects are these 1 0 curves X . Ž . ␣ ϱ with some element ␣ of G M , the set of the prime divisors P ϱ can be identified with the set of all the cusps on the curve X . Assume
Ž . that P s P . Then, using the previous matrix ␣, we have ␣ ϱ s ␥ ϱ ϱ ϱ
1)
Ž . for some element ␥ of ⌫ . Hence ␣␥ is of the form "
, so that the Ž . group div F F with div F F , and the factor group wŽ .x of all elements u 1.6 satisfying the following conditions: 
where c and c are nonzero constants. Since there are two choices of 1 2 Ž . g , for the definiteness, we put 
r , r* according as 2 ¦ r or 2 r. Then the set R R is a .
Then we have 
As was seen in Section 1, the function g 12 p is a modular unit in ᑠ and
s f is obvious from the preceding relation.
PROPOSITION 2.2. Let p be a prime factor of M and let r be an element of
Proof. Since these can be obtained by easy calculations, we omit the proof.
This is a generalization of the equality in 9, p. 367 .
Ž .
3. We construct here another type of modular unit in ᑠ T . Let 0 Ž .
be the Dedekind -function and put
' w x where t s exp 2 ir M . Since p( r s pr or rrp according as p ¦ r or < p r, we can unify the equalities in Proposition 2.2 as
where c is a nonzero constant. 
Ž . Now for each coset in
Ž where c is a nonzero constant. In particular, f s h = a nonzero
. On the other hand, the coefficient of in div f is also
it is sufficient to prove the case s 1 . By 1 of Proposition 2.3, we have
It is easy to see that this is also the coefficient of in w x Ž . k P 1, write s p Ј, where p is a prime factor of M. Then by 1 of Proposition 2.3, the induction hypothesis for Ј, and the result of the Ž . preceding item 1 , we have
This completes the proof. Q.E.D.
THE GROUP OF MODULAR UNITS
w Ž .x 1. Let S S be the subgroup of F F the group of modular units in ᑠ T 0 consisting of all functions g g F F which can be written as a product of the functions h and a rational number. In this section we prove S S s F F. First we prove the fullness of the functions h .
Let be a character of TrT and let e be the element of R defined 
Q.E.D. generated by all the functions h 12 M . Then it is sufficient to prove that the
is TrT y 1. Since R is generated by the elements y 1, The method of the proof is different from ours.
2. Next we prove the divisibility of the group generated by h . For any
f* sf rc t s 1 q c t q c t q иии , which we call the reduced 
Let h
consider the case / . Then we have l P 2 and k P 2. Q.E.D. Proof. Let g be an arbitrary element of F F. Then, by Theorem 3.1 a power of g belongs to S S. By Theorem 3.2, g can be written as a product of the functions h and a nonzero constant c. Since the Fourier coefficients of g are rational numbers, the constant c is also a rational number. This proves the theorem.
Now we can prove S S s F F.

THEOREM 3.3. The subgroup S S of F F coincides with F F. Namely, e¨ery Ž . modular unit in the field ᑠ T can be written as a product of the functions h
Q.E.D. Q.E.D.
DETERMINATION OF THE UNIT GROUP
Ž . Lemma 4.2 implies that in the condition 4.2 it is sufficient to take all Ž . ␣g⌫ which generate the factor group ⌫ r" ⌫ MO O .
T T 0 0
In this paper we shall calculate the cuspidal class number in the case T s 1. However, for the sake of generality, when T is not necessarily 1, For each prime factor q of M with q M, let ␣ , ␤ , ␥ be elements of 
. generate the factor group ⌫ r" ⌫ MO O . Q.E.D.
We divide the case into I p / 2 and II p s 2.
Ž .
Ž . Case I. Since ␣ g ⌫ J , we have by 2.10 and Proposition 1.1,
wŽ . x mod p , and c ' 0 mod 2 p , we have by 1.8 , ␣ s exp 2 ir2 ,
where ' x rr m, r q rr m, r x ' rr m, r x 1 q x ' 0 mod 2Z .
Ž . Ž . Ž . Hence, ␣ s 1. Next, since ap ' dp ' c ' 0 mod 12 , we have ␣ 
p . This proves Case I.
Ž . Case II. By 2.10 and Proposition 1.1, we have
x Similarly to the Case I, we have ␣ s exp y 2 ir4 r . Next we 
' Ž When 2 ¦ r and u s u , we have u ␣ s u q¨, where¨s 4 cr* r , 4 d
r * , whence u ,¨s 1. By Proposition 1.1, we have g
u , g sg . When 2 ¦ r and u s u , we have u ␣ s yu q¨, .
yu ,¨sexp 2 ir2 1 y rr4 . By Proposition 1.1, we have g s
g s y u , gs y yu ,¨g s exp y 2 ir8 r g .
When 2 r and u s u , we have u ␣ s u q¨, where¨s ' '
x 4a r , 1r2 brr2 y 1 r* , whence u ,¨s exp 2 ir8 и rr2 y 1 .
5 r 2 r r 2y1 g . When 2 r and u s u , we have u ␣ s u q¨,
sexp 2 ir8 и 5r2 rr2 q 1 . By Proposition 1.1, we have g s
be the set of all r g which is not divisible by 2 resp. divisible by 2 . Then Ž . by 4.5 , we have
This proves Case II.
We divide the proof into I p / 2 and II p s 2.
. Since ap ' dp ' c ' 0 mod 12 , we have ␣
c M 1 q dp Proof. The condition that g belongs to F F is equivalent to the condition Ž . . Ž . Ž . Ž . Ž . T-ii-3 s P-iv . Similarly as in Case I, we have T-i-2 q T-ii-2 s P-i-2 Ž . Ž . Ž . Ž . Ž . Ž . Ž . s P-i-2 q P-iii . Thus we have T-i q T-ii s P-i q P-iii q P-iv .
Ž
. Ž . Case IV. Assume M, 6 s 6. Similarly as in Case II, we have T-i-2 q Ž . Ž . Ž . Ž . T-ii-2 s P-i-2 q P-iii . Also similarly as in Case III, we have T-ii-3 s Ž . Ž . Ž . Ž . Ž . Ž . P-iv . Thus we have T-i q T-ii s P-i q P-iii q P-iv .
